Membrane flexoelectricity is an electromechanical coupling process that describes membrane electrical polarization due to bending and membrane bending under electric fields. In this paper we propose, formulate and characterize a mechanical energy harvesting system consisting of a deformable soft flexoelectric thin membrane subjected to harmonic forcing from contacting bulk fluids. The key elements of the energy harvester are formulated and characterized, including (i) mechanical-to-electrical energy conversion efficiency, (ii) the electromechanical shape equation connecting fluid forcesmembrane curvature-electric displacement, and (iii) the electric power generation and efficiency. The energy conversion efficiency is cast as a ratio of flexoelectric coupling to the product of electric and bending elasticity. The device is described by a second order curvature dynamics coupled to the electric displacement equation and as such results in mechanical power absorption with a resonant peak whose amplitude decreases with bending viscosity. The electric power generation is proportional to the conversion factor and the power efficiency decreases with frequency. Under high bending viscosity, the power efficiency increases with the conversion factor and under low viscosities it decreases with the conversion factor. The presented theoretical results contribute to the on-going experimental efforts to develop mechanical energy harvesting from fluid flow energy through solid-fluid interactions and electromechanical transduction.
INTRODUCTION
Energy harvesting based on mechanical oscillations using active materials is a quickly evolving and promising interdisciplinary area of electric energy production [1] [2] [3] [4] [5] [6] [7] [8] [9] . The sources of mechanical oscillations include solid mechanical vibrations, fluid flow instabilities, travelling and standing wave motion. The active materials in energy harvesting must display sensor and actuator capabilities arising from specific molecular composition and architectures [2] . Commonly, sensor abilities rely on materials that respond to mechanical excitation with electrical response. On the other hand actuation relies of converting a non-mechanical electric stimulus into a displacement or shape change. Energy harvesting using ambient mechanical vibrations, is based on materials with adequate electromechanical couplings, with piezoelectricity being the most actively pursued, based on ceramics (PZT: Piezoelectric Lead Zirconium Titanate), polymers (PVDF: Polyvinylidene difluoride) and piezocomposites macro-fiber composites) [2, [5] [6] [7] [8] [9] . Other polymeric materials for mechanical energy harvesting include electrostrictive, dielectric, electroactive, conductive and ionic polymer metal composites, and are being investigated as alternatives to electromagnetism, electrostatic or piezoelectricity, that perform at large frequencies [2] . In this paper we analyze and model another alternative based on membrane flexoelectricity that combines the polarization abilities of liquid crystals with the soft bending elasticity associated with thin membranes [10] [11] [12] [13] [14] [15] . The motivation of this work stems the development of new materials with encouraging flexoelectric properties [16, 17] .
Next we very briefly describe the piezoelectric approach to fluid-based mechanical energy harvesting that serves as a significant guideline for the less established membrane flexolectric electrom-mechanical transduction method presented in this paper [8, 9] . Piezoelectrical materials generate electric displacement when a mechanical stress is applied, known as sensor mode or direct effect: ipiezo ijk jk
The d-tensor is the piezoelectric charge tensor and sets the charge separation produced by an applied stress. Piezoelectrics also display an electrical-to-mechanical actuation effect, such that a strain deformation ij S is generated when an electric field E is applied i j i j k k S d E = . In energy harvesting applications both the direct and inverse effects are involved; the direct effect is used for charge generation (sensor) and this is followed by feedback through the inverse effect that provides actuation (motor) through strain. The integrated motor/generator model that couples strain S , displacement D , stress T and electrical field E is given in the following different formats as: actuator / motor ; sensor / generator
The text in the upper row defines the mechanism, the corresponding equations are given in brackets below and the symbols bellow the double arrows indicate the connecting terms between two processes. This system of equations (Eqs. 
As above-mentioned the basic components (eqns.(1,2,3) and performance (eqn. (4)) of the piezoelectric-based mechanical energy harvester model will be used in this paper as a framework to develop a model of the flexoelectric-based harvester. The implementation of the modeling procedure, based on a correspondence with the processes given in the system of equations (3), requires a brief discussion of: (i) liquid crystal and membrane flexoelectricity, (ii) sensor and actuator flexoelectric modes , and (iii) flexoelectric energy harvesting , as follows.
(i) Liquid crystal and membrane flexoelectricity
Membrane flexoelectricity [10] [11] [12] [13] [14] [15] is the property of synthetic and biological flat membranes to bend under the imposition of an external electric field (actuator), and the capacity to become polarized under bending (sensor) [10] [11] [12] [13] [14] [15] , which play a fundamental actuation/sensor role in the functionality of the Outer Hair Cells of the inner ear. Figure 1 shows a flexoelectric lipid bilayer which due to intrinsic polarization of the lipids, bending creates polarization P along the membrane unit normal k since the lower half surface is in compression and the top in tension. Under bending the lower surface is in compression and the upper one in dilation and electric polarization P is generated.
The basic science and applications of membrane flexoelectricity was developed by Petrov and co-workers and is described in detail in [10] ;
(ii) Sensor and actuator flexoelectric modes. 
The third order membrane flexoelectric tensor is defined by the geometry of the membrane:
= h = ⋅ = ⋅ s s h kk h h I kI (6) where h is the flexoelectric constant [10] [11] [12] [13] [14] [15] , k is the unit normal to the membrane, 
where s = −∇ b k is the symmetric curvature tensor [18] [19] [20] The membrane curvature elasticity was given by Helfrich [10] [11] [12] [13] [14] [15] . Biological membrane flexoelectricity wa sestablished by Petrov [10] .
(iii) Flexoelectric energy harvesting.
This brief subsection present the key material properties and geometric features of the proposed device, its foundations on the flexoelectric shape equation previously derived [18] [19] , and the distinguishing features of the device governing equation , which is derived in detail in section 2. To harvest mechanical energy using flexoelectric membranes, we subject the deformable flexoelectric membrane to interfacial forces from a contacting bulk fluid. The basic energy conversion steps in the proposed device are shown in Fig. 3 . The transfer of the bulk fluid mechanical energy onto the deformable flexoelectric membrane is described by the membrane shape equation or stress balance along the membrane unit normal k. From previous work [18] [19] we find that the linear integral shape that describes the shape of constant curvature membranes (flat membranes that deform into spheres, cylinders) when subjected to tension, moments, and bulk fluid effects is:
where V is the membrane normal velocity, 
FLEXOELASTICITY
In this section we first derive the Helmholtz membrane free energy density A and then use it to formulate the membrane tension γ , flexoelastic moment tensor A. Helmholtz flexoelectric membrane free energy density ( )
Here we derive the free energy density per unit area ( ) 
where Θ is the temperature and where the tension γ , flexoelastic moment M fe , and
electric field E driven work on a membrane of area A are:
Introducing areal quantities ( U U / = A ) and the Helmholtz free energy density ent A= U -T S into Eq. (11) we find in the absence of thermal effects (see Appendix II):
Introducing Eq. (8b) into (13) and integrating we find:
where ( ) 0 A ρ, b is the purely elastic membrane component, given by the Helfrich free energy density : from the symmetry of the thin membrane, the Helmholtz free energy density becomes: 
B. Tension, Flexoelastic Moment Tensor and Electric Field
Equation (13) gives the following tension γ , flexoelastic moment tensor fe M and electric field E expressions:
whose detailed expressions are as follows.
(i) Membrane Tension
Equation (17a) 
which consists of bending and torsion contributions. Using this result the tension γ (Eq.18) can be expressed in terms of curvature and displacement:
Using a variational calculation of the free energy with respect to density ρ, and curvature b , the 2D flexoelastic stress tensor T is found to be [15, 18] :
where the first term is the 2D normal stress arising from changes in ρ, the second term is the 2D normal and shear stresses arising from in-plane deformations. Replacing Eqs. (16, 19) into (22), we separate extension and shear stresses, respectively:
Hence the linearized Laplace pressure generated by the stress is 
According to Eq. (16) the electric energy (energy per area) is a quadratic function of curvature:
The flexoelectric conversion constant k 2 that describe the conversion of mechanical into electric energy is then:
Estimations of k 2 by Petrov for biological membranes in the absence of tension and torsion gives values close to one (page 487, of [10] ). We note that to increase conversion one can decrease the stiffness and/or increase the flexoelectric coupling constant through chemistry. Rewriting the total free energy using the surface Euler equation and Eq. (16) gives:
we see that the conversion coefficient k 2 given in Eq. (27) is consistent with the standard formula (2) obtained from the free energy (28) . A similar calculation can be done for cylinders.
FLEXOELECTRIC ENERGY HARVESTER

A. Flexoelectric Dynamic Shape Equation
Using the generic linear integral shape time-dependent Eq. (9a) [14, 19] we find: 
Expressing the field as E 
which can be tuned through tension and bending properties to maximize power absorption. We note that tension, bending and torsion elasticity is involved.
B. Open and Closed Circuit Conditions
To calculate the produced electric power 
The curvature peaks at resonance and the phase lag increases with bending dissipation.
The electric field E is found from replacing this result into 2  2  2  2  sphere  sphere  oc  o  mech,oc  2  3  2  2  2  2  2  2  sphere sphere r,oc sphere 
The root mean open circuit voltage OC
At resonance the voltage decreases with increasing bending viscosity λ 
Using the same procedure as above for oc, the mechanical power m e ch , sc Π is: 2  2  2  2  sphere  sphere  sc  o  mech,sc  2  3  2  2  2  2  2  2  sphere sphere r,sc sphere
Since the stiffness under short circuit is reduced, the resonance frequency is smaller than for open circuit. On the other hand, at resonance the power remains equal for both cases.
The root mean short circuit current I sc is found from
At resonance, the short circuit current /2  2  2  2  2  2  2  2  2  2  2  2  2  r,oc sphere r,sc sphere
frquency response function
The power expression (47) is decomposed into three underlined key factors: 
and hence any 2x2 tensor can be expanded as follows: 
APPENDIX II
The purpose of this appendix is to derive Eq. (13) . Rewriting Eqs. (11, 12) in terms of densities (overbar) using the area A :
Performing the differentiation:
Collecting terms:
Introducing the mass balance:
Eq. (II-3) read:
Introducing the Helmholtz free energy density A we find: e n t e n t e n t e n t e n t
Combining Eqs. (II-5, II-8), we have:
Neglecting changes in Θ we find Eq.(13).
( ) 
